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Abstract. With the help of some techniques based on certain inverse pairs of sym-
bolic operators, the authors investigated several decomposition formulas associated with
Srivastava’s Hypergeometric functions of three variables. Some operator identities have
been constructed in this matter. With the help these operator forms 15 decompositions
are found which are expressed through product of Hypergeometric Gauss and Appell’s
functions.
2000 Mathematics Subject Classification. Primary 33C20, 33C65; Secondary
44A45.
Key Words and Phrases. Srivastava’s hypergeometric functions, multiple hyperge-
ometric functions, inverse pairs of symbolic operators, generalized hypergeometric func-
tion, integral representations.
1. Introduction.
A great interest to the theory of Hypergeometric functions of several variables was
due to Solutions of many applied problems of differential equations of partial derivatives
which are used with the help of such Hypergeometric functions. For instance, the energy
absorbed with nonferromagnet conductor sphere included in internal magnet field, are
calculated with the help of such functions [1]. The Hypergeometric functions of several
variables are used in quantized chemistry as well [2]. Especially, in gas dynamics many
problems lead to solution of degenerating second order partial differential equations. For
instance, the problem of adiabatic flat-parallel without whirlwind gas flow and the flow
problem of supersonic current from vessel with flat walls, also a lot of problems connecting
with gas flow [3].
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We note that the Riemann’s functions and fundamental solutions of the degenerating
second order partial differential equations are being defined by Hypergeometric functions
of several variables [4]. In investigation the boundary value problems for these equa-
tions we need decompositions for Hypergeometric functions of several variables which are
expressed through simple Hypergeometric Gauss and Appell’s functions.
The operator method has been used in papers [5-7] and found decompositions for
Hypergeometric functions of two variables which are expressed through Gauss Hypergeo-
metric functions of one variables.
Over four decades ago by H.M.Srivastava was introduced Hypergeometric functions of
three variables [8]
HA (α, β1, β2; γ1, γ2; x, y, z) =
∞∑
m,n,p=0
(α)m+p (β1)m+n (β2)n+p
(γ1)m (γ2)n+pm!n!p!
xmynzp, (1.1)
HB (α, β1, β2; γ1, γ2, γ3; x, y, z) =
∞∑
m,n,p=0
(α)m+p (β1)m+n (β2)n+p
(γ1)m (γ2)n (γ3)pm!n!p!
xmynzp, (1.2)
HC (α, β1, β2; γ ; x, y, z) =
∞∑
m,n,p=0
(α)m+p (β1)m+n (β2)n+p
(γ)m+n+pm!n!p!
xmynzp. (1.3)
In this work we construct decompositions for Hypergeometric functions (1.1)-(1.2)
with the help of Burchnall and Chaundy [5-7] method. These decompositions consist of
simple Appell’s functions and Gauss functions. Further, by means of obtained decompo-
sitions we determine some definite integrals connecting with functions (1.1)-(1.2).
2. Main operators.
Over six decades ago, Burchnall and Chaundy [5, 6] and Chaundy [7] systematically
presented a number of expansion and decomposition formulas for double hypergeomet-
ric functions in series of simplest Hypergeometric functions. Their method is based on
following inverse pairs of symbolic operators:
∇xy (h) :=
Γ (h) Γ (δ1 + δ2 + h)
Γ (δ1 + h) Γ (δ2 + h)
=
∞∑
k=0
(−δ1)k (−δ2)k
(h)k k!
, (2.1)
∆xy (h) :=
Γ (δ1 + h) Γ (δ2 + h)
Γ (h) Γ (δ1 + δ2 + h)
=
∞∑
k=0
(−δ1)k (−δ2)k
(1− h− δ1 − δ2)k k!
2
=
∞∑
k=0
(−1)k (h)2k (−δ1)k (−δ2)k
(h + k − 1)k (δ1 + h)k (δ2 + h)k k!
, (2.2)
∇xy (h)∆xy (l) :=
Γ (h) Γ (δ1 + δ2 + h)
Γ (δ1 + h) Γ (δ2 + h)
Γ (δ1 + l) Γ (δ2 + l)
Γ (l) Γ (δ1 + δ2 + l)
=
∞∑
k=0
(l − h)k (l)2l (−δ1)k (−δ2)k
(l + k − 1)k (l + δ1)k (l + δ2)k k!
=
∞∑
k=0
(h− l)k (l)2l (−δ1)k (−δ2)k
(h)k (1− l − δ1 − δ2)k k!
, (δ1 := x
∂
∂x
; δ2 := y
∂
∂y
). (2.3)
We now introduce here the following multivariable analogues of the Burchnall- Chaundy
symbolic operators ∇xy (h) and ∆xy (h) defined by (2.1) - (2.3), respectively (cf. [9, p.
240]; see [10, p. 113] for the case when r = 3 ):
∇˜x1;x2···xr (h) :=
Γ (h) Γ (δ1 + · · ·+ δr + h)
Γ (δ1 + h) Γ (δ2 + · · ·+ δr + h)
=
=
∞∑
k2,...,kr=0
(−δ1)k2+...+kr (−δ2)k2 · · · (−δr)kr
(h)k2+...+kr k2! · · · kr!
, (2.4)
and
∆˜x1;x2···xr (h) :=
Γ (δ1 + h) Γ (δ2 + δ3 + · · ·+ δr + h)
Γ (h) Γ (δ1 + δ2 + · · ·+ δr + h)
=
∞∑
k2,...,kr=0
(−δ1)k2+...+kr (−δ2)k2 · · · (−δr)kn
(1− h− δ1 − δ2 − · · · − δr)k2+...+kr k2! · · · kr!
=
∞∑
k2,...,kr=0
(−1)k2+...+kr (γ)2(k2+...+kr) (−δ1)k2+...+kr (−δ2)k2 · · · (−δn)kr
(γ + k2 + ...+ kr − 1)k2+...+kr (δ1 + γ)k2+...+kr (δ2 + δ3 + · · ·+ δr + γ)k2+...+kr k2! · · · kr!
,
(2.5)
(δj := xj
∂
∂xj
; j = 1, ..., r),
where we have applied such known multiple hypergeometric summation as (cf. [11]; see
also [12, p. 117])
F
(r)
D (a; b1, · · ·, br; c; 1, · · ·, 1) =
Γ (c) Γ (c− a− b1 − · · · − br)
Γ (c− a) Γ (c− b1 − · · · − br)
, (2.6)
(Re (c− a− b1 − · · · − br) > 0; c /∈ Z0 := {0,−1,−2,−3, · · ·}),
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for the Lauricella function F
(r)
D in r variables, defined by (cf. [11]; see also [13, p.33,
Equation 1.4 (4)])
F
(r)
D (a; b1, · · ·, br; c; x1, x2, · · ·, xr) :=
:=
∞∑
m1,m2,···,mr=0
(a)m1+m2+···+mr (b1)m1 · · · (br)mr
(c)m1+m2+···+mr m1!m2! · · ·mr!
xm11 x
m2
2 · · · x
mr
r , (2.7)
(max {|x1| , ..., |xr|} < 1) ,
(h)k - Pochhammer’s symbol.
3. Main operator identities.
According to operators (2.1)-(2.5) for Hypergeometric functions (1.1)-(1.3) we find the
following operator identities
HA (α, β1, β2; γ1, γ2; x, y, z)
= ∇xz (α)∇xy (β1)F (α, β1; γ1; x)F1 (β2; β1, α; γ2; y, z) , (3.1)
HB (α, β1, β2; γ1, γ, γ; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (γ)F (α, β1; γ1; x)F1 (β2; β1, α; γ; y, z) , (3.2)
HC (α, β1, β2; γ ; x, y, z)
= ∇xz (α)∇xy (β1) ∆˜x (γ)F (α, β1; γ ; x)F1 (β2; β1, α; γ ; y, z) , (3.3)
HA (α, β1, β2; γ1, γ2; x, y, z)
= ∇xz (α)∇xy (β1)∆yz (γ2)F (α, β1; γ1; x)F2 (β2; β1, α; γ2, γ2; y, z) , (3.4)
HB (α, β1, β2; γ1, γ2, γ3; x, y, z)
= ∇xz (α)∇xy (β1)F (α, β1; γ1; x)F2 (β2; β1, α; γ2, γ3; y, z) , (3.5)
HC (α, β1, β2; γ ; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (γ) ∆˜x (γ)F (α, β1; γ ; x)F2 (β2; β1, α; γ, γ; y, z) , (3.6)
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HA (α, β1, β2; γ1, γ2; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (β2)F (α, β1; γ1; x)F3 (β1, β2, β2, α; γ2; y, z) , (3.7)
HB (α, β1, β2; γ1, γ, γ; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (β2)∇yz (γ)F (α, β1; γ1; x)F3 (β2, α, β1, β2; γ; y, z) , (3.8)
HC (α, β1, β2; γ ; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (β2) ∆˜x (γ)F (α, β1; γ; x)F3 (β2, β2, β1, α; γ; y, z) , (3.9)
HA (α, α, β2; γ1, γ2; x, y, z)
= ∇xy (α)∇xz (α)∆yz (α)∆yz (γ2)F (α, α; γ1; x)F4 (α, β2; γ2, γ2; y, z) , (3.10)
HB (α, α, β2; γ1, γ2, γ3; x, y, z)
= ∇xz (α)∇xy (α)∆yz (α)F (α, α; γ1; x)F4 (α, β2, γ2, γ3; y, z) , (3.11)
HC (α, α, β2; γ ; x, y, z)
= ∇xz (α)∇xy (α)∆yz (α)∆yz (γ) ∆˜x (γ)F (α, α; γ; x)F4 (α, β2, γ, γ; y, z) , (3.12)
HA (α, β1, β2; γ1, γ2; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (β2)∆yz (γ2)F (α, β1; γ1; x)F (β1, β2; γ2; y)F (α, β2; γ2; z) ,
(3.13)
HB (α, β1, β2; γ1, γ2, γ3; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (β2)F (α, β1; γ1; x)F (β1, β2; γ2; y)F (α, β2; γ3; z) , (3.14)
HC (α, β1, β2; γ ; x, y, z)
= ∇xz (α)∇xy (β1)∇yz (β2)∆yz (γ) ∆˜x (γ)F (α, β1; γ ; x)F (β1, β2; γ ; y)F (α, β2; γ ; z) ,
(3.15)
The operator identities for Hypergeometric functions HA , HB, HC can be proved with
the help of Mellin’s transformation [14]. For instance, we show that the operator identity
(3.1) is true. According to known E.W.Barnes definition [12, p.40] we have
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F (a; b; c; x) =
1
2pii
Γ (c)
Γ (a) Γ (b)
+i∞∫
−i∞
Γ

 a+ s1, b+ s1,−s1
c+ s1

 (−x)s1 ds1, (3.16)
c 6= 0,−1,−2, ... and Re s1 < 0, Re (a + s1) > 0, Re (b+ s1) > 0 ,
F1 (a; b1, b2; c; x, y) = −
1
4pi2
Γ(c)
Γ(a)Γ(b1)Γ(b2)
·
+i∞∫
−i∞
+i∞∫
−i∞
Γ

 a+ s1 + s2, b1 + s1, b2 + s2,−s1,−s2
c + s1 + s2

 (−x)s1 (−y)s2 ds1ds2, (3.17)
c 6= 0,−1,−2, ... and
Re s1 < 0, Re s2 < 0, Re (a + s1 + s2) > 0, Re (b1 + s1) > 0, Re (b2 + s2) > 0,
By using equality
HA (α, β1, β2; γ1, γ2; x, y, z) =
∞∑
m=0
(α)m (β1)m
(γ1)mm!
xmF1 (β2; β1 +m,α +m; γ2; y, z) ,
we find
HA (α, β1, β2; γ1, γ2; x, y, z) = −
1
8pi2i
Γ (γ1) Γ (γ2)
Γ (α) Γ (β1) Γ (β2)
·
+i∞∫
−i∞
+i∞∫
−i∞
+i∞∫
−i∞
Γ

 α + s1 + s3, β1 + s1 + s2, β2 + s2 + s3,−s1,−s2,−s3
γ1 + s1, γ2 + s2 + s3


· (−x)s1 (−y)s2 (−z)s3 ds1ds2ds3, (3.18)
γ1 , γ2 6= 0,−1,−2, ... and Re s1 < 0, Re s2 < 0, Re s2 < 0, Re (α + s1 + s3) > 0,
Re (β1 + s1 + s2) > 0, Re (β2 + s2 + s3) > 0, where
Γ

 a1, a2, ..., am
b1, b2, ..., bn

 = Γ (a1) Γ (a2) · · · Γ (am)
Γ (b1) Γ (b2) · · · Γ (bn)
.
Therefore, from equalities (3.16)-(3.18) we can have the following
F (a; b; c; x)↔
Γ (c)
Γ (a) Γ (b)
Γ

 a+ s1, b+ s1,−s1
c+ s1

 , (3.19)
c 6= 0,−1,−2, ... and Re s1 < 0, Re (a + s1) > 0, Re (b+ s1) > 0 ,
6
F1 (a; b1, b2; c; x, y)↔
Γ (c)
Γ (a) Γ (b1) Γ (b2)
Γ

 a + s1 + s2, b1 + s1, b2 + s2,−s1,−s2
c+ s1 + s2

 ,
(3.20)
c 6= 0,−1,−2, ... and Re s1 < 0, Re s2 < 0, Re (a + s1 + s2) > 0, Re (b1 + s1) > 0,
Re (b2 + s2) > 0 ,
HA (α, β1, β2; γ1, γ2; x, y, z)
↔
Γ (γ1) Γ (γ2)
Γ (α) Γ (β1) Γ (β2)
Γ

 α+ s1 + s3, β1 + s1 + s2, β2 + s2 + s3,−s1,−s2,−s3
γ1 + s1, γ2 + s2 + s3

 , (3.21)
γ1 , γ2 6= 0,−1,−2, ... and Re s1 < 0, Re s2 < 0, Re s2 < 0, Re (α + s1 + s3) > 0,
Re (β1 + s1 + s2) > 0, Re (β2 + s2 + s3) > 0 .
At present we proof identity (3.1). Applying Mellin’s transformation in both parts of
(3.1) and taking into account equality
(−δi)k f (x)↔ (−si)k f
∗ (si) , (3.22)
i = 1, 2, 3 , moreover lim
x→0
xs−j−1f (j) (x) = 0, j = 0, 1, ..., k − 1, and from definition for
(2.1) we have
HA (α, β1, β2; γ1, γ2; x, y, z)
↔
Γ (γ1) Γ (γ2)
Γ2 (α) Γ2 (β1) Γ (β2)
Γ

 α+ s1, α+ s3, β1 + s1, β1 + s2, β2 + s2 + s3,−s1,−s2,−s3,
γ1 + s1, γ2 + s2 + s3


·
∞∑
i,j=0
(−s1)i (−s1)j (−s2)j (−s3)i
(α)i (β1)j i!j!
(3.23)
By virtue of identity [15],
F (a, b; c; 1) =
Γ (c) Γ (c− a− b)
Γ (c− a) Γ (c− b)
,
(Re (c− a− b > 0, c /∈ Z0 := {0,−1,−2,−3, · · ·}),
for expression (3.23) we have the following
∞∑
i,j=0
(−s1)i (−s1)j (−s2)j (−s3)i
(α)i (β1)j i!j!
=
Γ (α) Γ (α + s1 + s3)
Γ (α + s1) Γ (α + s3)
Γ (β1) Γ (β1 + s1 + s2)
Γ (β1 + s1) Γ (β1 + s2)
. (3.24)
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Substituting equalities (3.24) into expression (3.23) and after simplest calculations we
derive the operator identities (3.1). Analogically, with the help of Mellin’s transformation
can be proved the other operator identities.
4. The Decompositions for Hypergeometric functions HA, HB, HC.
Applying operators and superposition of operators from identities (3.1)-(3.15) we have
the following
HA (α, β1, β2; γ1, γ2; x, y, z) =
∞∑
i,j=0
(α)i+j (β1)i+j (β2)i+j
(γ1)i+j (γ2)i+j i!j!
xi+jyjzi·
·F (α+ i+ j, β1 + i+ j; γ1 + i+ j; x)F1 (β2 + i+ j; β1 + i+ j, α + i; γ2 + i+ j; y, z) ,
(4.1)
HB (α, β1, β2; γ1, γ, γ; x, y, z) =
∞∑
i,j,k=0
(α)i+j+k (β1)i+j+k (β2)2i+j+k
(γ1)j+k (γ)i (γ)2i+j+k i!j!k!
xj+kyi+jzi+k
F (α + i+ j + k, β1 + i+ j + k; γ1 + j + k; x)
F1 (β2 + 2i+ j + k; β1 + i+ j, α + i+ j + k; γ + 2i+ j + k; y, z) , (4.2)
HC (α, β1, β2; γ ; x, y, z) =
=
∞∑
i,j,k,l=0
(−1)i+j (α)i+2j+k+l (β1)2i+j+k+l (β2)i+j+k+l (γ)2i+2j
(γ + i+ j − 1)i+j (γ)2i+2j+k+l (γ)2i+2j+k+l i!j!k!l!
xi+j+k+lyi+kzj+l·
·F (α + i+ 2j + k + l, β1 + 2i+ j + k + l; γ + 2i+ 2j + k + l ; x)
F1 (β2 + i+ j + k + l; β1 + 2i+ j + k, α + i+ 2j + k + l; γ + 2i+ 2j + k + l ; y, z) ,
(4.3)
HA (α, β1, β2; γ1, γ2; x, y, z) =
=
∞∑
i,j,k=0
(−1)k
(γ2)2k (α)i+j+k (β1)i+j+k (β2)i+j+2k
(γ2 + k − 1)k (γ1)i+j (γ2)i+2k (γ2)j+2k i!j!k!
xi+jyj+kzi+k
F (α + i+ j + k, β1 + i+ j + k; γ1 + i+ j; x)
F2 (β2 + i+ j + 2k; β1 + j + k, α+ i+ j + k; γ2 + j + 2k, γ2 + i+ 2k; y, z) , (4.4)
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HB (α, β1, β2; γ1, γ2, γ3; x, y, z) =
∞∑
i,j=0
(α)i+j (β1)i+j (β2)i+j
(γ1)i+j (γ2)j (γ3)i i!j!
xi+jyjzi·
·F (α + i+ j, β1 + i+ j; γ1 + i+ j; x)F2 (β2 + i+ j; β1 + i+ j, α + i; γ2 + j, γ3 + i; y, z)
(4.5)
HC (α, β1, β2; γ ; x, y, z) =
=
∞∑
i,j,k,l,r=0
(−1)i+j+r (α)i+2j+k+l+r (β1)2i+j+k+l (β1)2i+j+k+r (β2)i+j+k+l+2r
(γ + i+ j − 1)i+j (γ + 2i+ 2j + k + l + r − 1)r (β1)2i+j+k
(γ)2i+2j
(γ)2i+2j+k+l (γ)2i+2j+k+l+2r i!j!k!l!r!
xi+j+k+lyi+k+rzj+l+r·
·F (α + i+ 2j + k + l, β1 + 2i+ j + k + l; γ + 2i+ 2j + k + l ; x) ·
F2(β2 + i+ j + k + l + 2r; β1 + 2i+ j + k + r, α+ i+ 2j + k + l + r;
γ + 2i+ 2j + k + l + 2r, γ + 2i+ 2j + k + l + 2r; y, z), (4.6)
HA (α, β1, β2; γ1, γ2; x, y, z) =
∞∑
i,j,k=0
(α)i+j+k (β1)i+j+k (β2)i+j (β2)i+k
(β2)i (γ1)j+k (γ2)2i+j+k i!j!k!
xj+kyi+jzi+k
F (α + i+ j + k, β1 + i+ j + k; γ1 + j + k; x)
F3 (β1 + i+ j, β2 + i+ k, β2 + i+ j, α + i+ j + k; γ2 + 2i+ j + k; y, z) , (4.7)
HB (α, β1, β2; γ1, γ, γ; x, y, z) =
=
∞∑
i,j,k,l=0
(α)j+2k+l (β1)i+j+k+l (β2)2i+j+k (β2)2i+j+l
(β2)2i+j (γ)i (γ)2i+2j+k+l (γ1)k+l i!j!k!l!
xk+lyi+j+kzi+j+l·
·F (α + j + 2k + l, β1 + i+ j + k + l; γ1 + k + l; x) ·
·F3(β2 + 2i+ j + k, α + i+ j + k + l, β1 + i+ j + k, β2 + 2i+ j + l;
γ + 2i+ 2j + k + l; y, z), (4.8)
HC (α, β1, β2; γ ; x, y, z) =
∞∑
i,j,k,l,r=0
(−1)i+j (α)i+2j+k+l (α)i+2j+k+r (β1)2i+j+k+l+r (β2)i+j+k+l+r (γ)2i+2j
(γ + i+ j − 1)i+j (α)i+2j+k (γ)2i+2j+k+l (γ)2i+2j+k+l+2r i!j!k!l!r!
·
·xi+j+k+lyi+l+rzj+k+r · F (α + i+ 2j + k + l, β1 + 2i+ j + k + l; γ + 2i+ 2j + k + l; x)
F3(β2 + i+ j + k + l + r, β2 + i+ j + k + l + r, β1 + 2i+ j + k + l + r, α+ i+ 2j + k + r;
; γ + 2i+ 2j + k + l + 2r; y, z), (4.9)
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HA (α, β1, β2; γ1, γ2; x, y, z) =
=
∞∑
i,j,k=0
(α)i+j (α)i+k (β1)i+j+k (β2)i+j+k (γ2 − β2)k
(γ2 + i+ j + k − 1)k (α)i (γ1)i+j (γ2)i+j+2k i!j!k!
xi+jyj+kzi+k·
·F (α + i+ j, β1 + i+ j; γ1 + i+ j; x) ·
·F (β2 + i+ j + k, β1 + i+ j + k; γ2 + i+ j + 2k; y) ·
·F (β2 + i+ j + k, α + i+ k; γ2 + i+ j + 2k; z) , (4.10)
HB (α, β1, β2; γ1, γ2, γ3; x, y, z) =
∞∑
i,j,k=0
(α)i+j+k (β1)i+j+k (β2)i+j (β2)j+k
(β2)j (γ1)i+k (γ2)i+j (γ3)j+k i!j!k!
xi+kyi+jzj+k·
F (α + i+ j + k, β1 + i+ j + k; γ1 + i+ k; x)F (β1 + i+ j, β2 + i+ j; γ2 + i+ j; y)
F (β2 + j + k, α + i+ j + k; γ3 + j + k; z) , (4.11)
HC (α, β1, β2; γ ; x, y, z) =
=
∞∑
i,j,k,l,r=0
(−1)i+j (α)i+2j+k+l+r (β1)2i+j+k+l (β1)2i+j+k+r (β2)i+j+k+l+r
(γ + i+ j − 1)i+j (γ + 2i+ 2j + k + l + r − 1)r (β1)2i+j+k
(γ)2i+2j (γ − β2)i+j+r
(γ − β2)i+j (γ)2i+2j+k+l (γ)2i+2j+k+l+2r i!j!k!l!r!
xi+j+k+lyi+k+rzj+l+r·
·F (α + i+ 2j + k + l, β1 + 2i+ j + k + l; γ + 2i+ 2j + k + l ; x) ·
·F (β2 + i+ j + k + l + r, β1 + 2i+ j + k + r; γ + 2i+ 2j + k + l + 2r; y) ·
·F (β2 + i+ j + k + l + r, α + i+ 2j + k + l + r; γ + 2i+ 2j + k + l + 2r; z) , (4.12)
HA (α, β1, β2; γ1, γ2; x, y, y) =
∞∑
i,j=0
(α)i+j (β1)i+j (β2)i+j
(γ1)i+j (γ2)i+j i!j!
xi+jyi+j·
·F (α + i+ j, β1 + i+ j; γ1 + i+ j; x)F (β2 + i+ j;α+ β1 + 2i+ j; γ2 + i+ j; y) (4.13)
HB (α, β1, β2; γ1, γ, γ; x, y, y) =
∞∑
i,j,k=0
(α)i+j+k (β1)i+j+k (β2)2i+j+k
(γ1)j+k (γ)i (γ)2i+j+k i!j!k!
xj+ky2i+j+k
F (α + i+ j + k, β1 + i+ j + k; γ1 + j + k; x)
F (β2 + 2i+ j + k;α + β1 + 2i+ 2j + k; γ + 2i+ j + k; y) (4.14)
HC (α, β1, β2; γ ; x, y, y) =
=
∞∑
i,j,k,l=0
(−1)i+j (α)i+2j+k+l (β1)2i+j+k+l (β2)i+j+k+l (γ)2i+2j
(γ + i+ j − 1)i+j (γ)2i+2j+k+l (γ)2i+2j+k+l i!j!k!l!
xi+j+k+lyi+j+k+l·
·F (α + i+ 2j + k + l, β1 + 2i+ j + k + l; γ + 2i+ 2j + k + l ; x)
F (β2 + i+ j + k + l;α + β1 + 3i+ 3j + 2k + l; γ + 2i+ 2j + k + l ; y) (4.15)
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5. Proofs of the received decompositions.
Case 1. Decomposition (4.1) can be proved with the help of integral representation,
i.e.:
HA (α, β1, β2; γ1, γ2; x, y, z) =
Γ (γ1) Γ (γ2)
Γ (β1) Γ (β2) Γ (γ1 − β1) Γ (γ2 − β2)
·
·
1∫
0
1∫
0
ξβ1−1ηβ2−1 (1− ξ)γ1−β1−1 (1− η)γ2−β2−1 (1− yη)α−β1 [(1− yη) (1− zη)− xξ]−α dξ dη,
(5.1)
Reβ1 > 0, Reβ2 > 0, Re (γ1 − β1) > 0, Re (γ2 − β2) > 0.
We shall prove decomposition (4.1). For this purpose, we shall take advantage of
integral representation (5.1). Taking into account formula
[(1− yη) (1− zη)− xξ]−α = [(1− xξ) (1− yη) (1− zη)]−α
∞∑
i,j=0
(α)i+j
i!j!
σi1σ
j
2, (5.2)
where
σ1 =
xzξη
(1− xξ) (1− yη) (1− zη)
, σ2 =
xyξη
(1− xξ) (1− yη)
. (5.3)
Substituting equality (4.2) into integral representation (4.1), we find
HA (α, β1, β2; γ1, γ2; x, y, z) =
∞∑
i,j=0
(α)i+j
i!j!
xi+jyjzi
·
Γ (γ1)
Γ (β1) Γ (γ1 − β1)
1∫
0
ξβ1+i+j−1 (1− ξ)γ1−β1−1 (1− xξ)−α−i−j dξ
·
Γ (γ2)
Γ (β2) Γ (γ2 − β2)
1∫
0
ηβ2+i+j−1 (1− η)γ2−β2−1 (1− yη)−β1−i−j (1− zη)−α−i dη. (5.4)
By virtue of integral representations
1∫
0
ξb−1 (1− ξ)c−b−1 (1− xξ)−a dξ =
Γ (b) Γ (c− b)
Γ (c)
F (a, b; c; x) ,
Re b > 0, Re (c− b) > 0,
1∫
0
ηa−1 (1− η)c−a−1 (1− yη)−b1 (1− zη)−b2 dη =
Γ (a) Γ (c− a)
Γ (c)
F1 (a, b1, b2; c; y, z) ,
Re a > 0, Re (c− a) > 0,
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from (4.4) follows decomposition (3.1).
Case 2. The obtained operator identities (2.1) - (2.15) consist of the operator or super-
position of operators (1.1) - (1.12). We shall show, as it is possible to apply superpositions
of operators for Hypergeometric function. For instance, we consider decomposition (3.7).
It’s easy to see, that equality takes place
∇xz (α)∇xy (β1)∇yz (β2) =
=
1
(β2)n (β2)p (α)p
∞∑
i,j,k=0
(β2)n+j (β2)p+i (α)p+i (−δ1)i+j (−δ2)i+k (−δ3)j+k
(α)i+j (β1)i (β2)i+j+k i!j!k!
, (5.5)
Taking into account the identities (4.5), from parity (2.7), we have
HA (α, β1, β2; γ1, γ2; x, y, z) =
∞∑
i,j,k=0
(β2)j (β2)i (α)i (−δ1)i+j (−δ2)i+k (−δ3)j+k
(α)i+j (β1)i (β2)i+j+k i!j!k!
·
·F (α, β1; γ1; x)F3 (β1, β2 + i, β2 + j, α + i; γ2; y, z) . (5.6)
By virtue of the formula [16, p. 93]
(δ + a) (δ + a+ 1) · · · (δ + a+ r − 1) f (ξ) = ξ1−a
dr
dξ r
[ξa+r−1f (ξ)], (5.7)
where f (x) - analytic function, we find that
(−δ)r f (ξ) = (−1)
r ξr
dr
dξ r
f (ξ) .
We have
(−δ1)i+j F (α, β1; γ1; x) = (−1)
i+j (α)i+j (β1)i+j
(γ1)i+j
xi+jF (α + i+ j, β1 + i+ j; γ1 + i+ j; x) ,
(5.8)
(−δ2)i+k (−δ3)j+k F3 (β1, β2 + i, β2 + j, α + i; γ2; y, z) =
= (−1)i+j yi+kzj+k
(α)i+j+k (β1)i+k (β2)
2
i+j+k
(α)i (β1)j (β2)i (γ2)i+j+2k
·
·F3 (β1 + i+ k, β2 + i+ j + k, β2 + i+ j + k, α + i+ j + k; γ2 + i+ j + 2k; y, z) , (5.9)
Substituting identities (4.8) - (4.9) into equality (4.6), we obtain the decomposition (3.7).
Case 3. The integral representation exists for Hypergeometric function
HB (α, β1, β2; γ1, γ2, γ3; x, y, z) .
HB (α, β1, β2; γ1, γ2, γ3; x, y, z) =
Γ (γ1) Γ (γ2) Γ (γ3)
Γ (β1) Γ (β2) Γ (α) Γ (γ1 − β1) Γ (γ2 − β2) Γ (γ3 − α)
·
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·1∫
0
1∫
0
1∫
0
ξβ1−1ηβ2−1ζα−1 (1− η)γ2−β2−1 (1− xξ)1+β2−γ3 (1− yη)2+α−γ1−γ3 ·
(1− xξ − zζ)1+β1−β2−γ1 · [(1− ζ) (1− xξ) (1− yη) + xyξηζ]γ3−α−1 ·
· [(1− ξ) (1− yη) (1− xξ − zζ) + yzξηζ]γ1−β1−1 dξdηdζ (5.10)
Reα > 0,Reβ1 > 0, Reβ2 > 0, Re (γ1 − β1) > 0, Re (γ2 − β2) , Re (γ3 − α) > 0.
We shall prove the decomposition (3.11).
[(1− ζ) (1− xξ) (1− yη) + xyξηζ]γ3−α−1 = (1− xξ)γ3−α−1 (1− yη)γ3−α−1 (1− ζ)γ3−α−1 ·
·
∞∑
i=0
(1 + α− γ3)i
i!
(
−
xyξηζ
(1− xξ) (1− yη) (1− ζ)
)i
, (5.11)
[(1− ξ) (1− yη) (1− xξ − zζ) + yzξηζ]γ1−β1−1 = (1− ξ)γ1−β1−1 (1− yη)γ1−β1−1 ·
· (1− xξ − zζ)γ1−β1−1
∞∑
j=0
(1 + β1 − γ1)
j!
(
−
yzξηζ
(1− ξ) (1− yη) (1− xξ − zζ)
)j
. (5.12)
Substituting (4.11)-(4.12) in integral representation (4.10), we define
HB (α, β1, β2; γ1, γ2, γ3; x, y, z) =
Γ (γ1) Γ (γ2) Γ (γ3)
Γ (β1) Γ (β2) Γ (α) Γ (γ1 − β1) Γ (γ2 − β2) Γ (γ3 − α)
·
·
∞∑
i,j=0
(−1)i+j (1 + α− γ3)i (1 + β1 − γ1)j
i!j!
xiyi+jzj ·
·
1∫
0
1∫
0
1∫
0
ξβ1−1+i+jηβ2−1+i+jζα−1+i+j (1− ξ)γ1−β1−1−j (1− η)γ2−β2−1 (1− ζ)γ3−α−1−i ·
· (1− xξ)β2−α−i (1− yη)−β1−i−j (1− xξ − zζ)−β2−j dξdηdζ. (5.13)
By virtue of parity
(1− xξ − zζ)−β2−j = (1− xξ)−β2−j (1− zζ)−β2−j
∞∑
k=0
(β2 + j)k
k!
(
xzξζ
(1− xξ) (1− zζ)
)k
,
(5.14)
we have
HB (α, β1, β2; γ1, γ2, γ3; x, y, z)
=
∞∑
i,j,k=0
(−1)i+j (1 + α− γ3)i (1 + β1 − γ1)j (β2 + j)k
i!j!k!
xi+kyi+jzj+k
·
Γ (γ1)
Γ (β1) Γ (γ1 − β1)
1∫
0
ξβ1−1+i+j+k (1− ξ)γ1−β1−1−j (1− xξ)−α−i−j−k dξ
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·
Γ (γ2)
Γ (β2) Γ (γ2 − β2)
1∫
0
ηβ2−1+i+j (1− η)γ2−β2−1 (1− yη)−β1−i−j dη
·
Γ (γ3)
Γ (α) Γ (γ3 − α)
1∫
0
ζα−1+i+j+k (1− ζ)γ3−α−1−i (1− zζ)−β2−j−k dζ. (5.15)
and from identity (5.15) we define the decomposition (3.11).
Case 4. Decomposition (3.8) can be proved by means of equality
∇xz (α)∇xy (β1)∇yz (β2)∇yz (γ) =
1
(α)m (α)p (β1)m (β2)n (β2)p
·
∞∑
i,j,k,l=0
(α)j+k (α)k (β1)i+j (β2)
2
i (α + j + k)m (α + k)p (β1 + i+ j)m (β2 + i)n (β2 + i)p
(α)i+j+k+l (β1)i+j+k (β2)2i+j (γ)i
·
(−δ1)k+l (−δ2)i+j+k (−δ3)i+j+l
i!j!k!l!
(5.16)
Taking into account the identities (4.16), from parity (2.8), we have
HB (α, β1, β2; γ1, γ, γ; x, y, z) =
∞∑
i,j,k,l=0
(α)j+k (α)k (β1)i+j (β2)
2
i
(α)i+j+k+l (β1)i+j+k (β2)2i+j (γ)i i!j!k!l!
·
· (−δ1)k+l F (α + j + k, β1 + i+ j; γ1; x) ·
· (−δ2)i+j+k (−δ3)i+j+l F3 (β2 + i, α + k, β1, β2 + i; γ; y, z) (5.17)
We have
(−δ1)k+l F (α + j + k, β1 + i+ j; γ1; x) =
= (−1)k+l xk+l
(α)j+2k+l (β1)i+j+k+l
(α)j+k (β1)i+j (γ1)k+l
F (α + j + 2k + l, β1 + i+ j + k + l; γ1 + k + l; x) ,
(5.18)
(−δ2)i+j+k (−δ3)i+j+l F3 (β2 + i, α + k, β1, β2 + i; γ; y, z) =
= (−1)k+l yi+j+kzi+j+l
(α)i+j+k+l (β1)i+j+k (β2)2i+j+k (β2)2i+j+l
(α)k (β2)
2
i (γ)2i+2j+k+l
F3(β2 + 2i+ j + k, α+ i+ j + k + l, β1 + i+ j + k, β2 + 2i+ j + l;
γ + 2i+ 2j + k + l; y, z) (5.19)
Substituting identities (4.18) - (4.19) into equality (4.17), we obtain the decomposition
(3.8).
6. The Integrals.
14
With the help of the obtained decompositions can be easily found the following inte-
grals connecting with Hypergeometric HA, HB functions
HA (α, β1, β2; γ1, γ2; x, y, z) =
Γ (γ1) Γ (γ2)
Γ (β1) Γ (β2) Γ (γ1 − β1) Γ (γ2 − β2)
·
·
1∫
0
1∫
0
ξβ1−1ηβ2−1 (1− ξ)γ1−β1−1 (1− η)γ2−β2−1 (1− yη)−β2 (1− xξ − zη)−α ·
·F
(
α, β2; β1;
xyξη
(1− yη) (1− xξ − zη)
)
dξ dη, (6.1)
Reα1 > 0, Re (γ1 − α1) > 0, Reα2 > 0, Re (γ2 − α2) > 0,
HB (α, β1, β2; γ1, γ2, γ3; x, y, z) =
Γ (γ1) Γ (γ2) Γ (γ3)
Γ2 (α) Γ (β1) Γ (γ1 − α) Γ (γ2 − β1) Γ (γ3 − α)
·
·
1∫
0
1∫
0
1∫
0
ξα−1ηβ1−1ζα−1 (1− ξ)γ1−α−1 (1− η)γ2−β1−1 (1− ζ)γ3−α−1 (1− xξ)β2−β1 ·
· [(1− xξ) (1− yη − zζ)− xyξη]−β2 ·
·F
(
β2, 1 + β1 − γ2;α;−
xzξηζ
(1− η) [(1− xξ) (1− yη − zζ)− xyξη]
)
dξdηdζ, (6.2)
Reα > 0, Re (γ1 − α) > 0, Reβ1 > 0, Re (γ2 − β1) > 0, Re (γ3 − α) > 0.
These identities can be proved by using the expansions of under integral functions.
If we use the definition for Euler function Γ (z) ([13], Ch. 1, Sec. 1.2, (1))
Γ (z) =


∞∫
0
e−ttz−1dt, Re (z) > 0,
Γ(1+z)
z
,Re (z) < 0; z 6= −1,−2, ....
(6.3)
Then, for Hypergeometric HA, HB, HC functions we find the following integral repre-
sentations
HA (α, β1, β2; γ1, γ2; x, y, z) =
1
Γ (α) Γ (β1) Γ (β2)
·
∞∫
0
∞∫
0
∞∫
0
e−u1−u2−u3uα−11 u
β1−1
2 u
β2−1
3 0F1 (γ1; xu1u2) 0F1 (γ2; yu2u3 + zu1u3) du1du2du3,
(6.4)
Reα > 0, Reβ1 > 0, Re β2 > 0,
HA (α, β1, β2; γ1, γ2; x, y, z)
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=
1
Γ (α) Γ (β1)
∞∫
0
∞∫
0
e−u1−u2uα−11 u
β1−1
2 0F1 (γ1; xu1u2) 1F1 (β2; γ2; yu2 + zu1) du1du2, (6.5)
Reα > 0, Re β1 > 0,
HB (α, β1, β2; γ1, γ2, γ3; x, y, z) =
1
Γ (α) Γ (β1) Γ (β2)
·
∞∫
0
∞∫
0
∞∫
0
e−ξ−η−ζξα−1ηβ1−1ζβ2−10F1 (γ1; xξη) 0F1 (γ2; yηζ) 0F1 (γ3; zξζ) dξdηdζ, (6.6)
Reα > 0, Reβ1 > 0, Re β2 > 0,
HB (α, β1, β2; γ1, γ2, γ3; x, y, z)
=
1
Γ (α) Γ (β1)
∞∫
0
∞∫
0
e−ξ−ηξα−1ηβ1−10F1 (γ1; xξη) Ψ2 (β2; γ2, γ3; yη, zξ) dξdη, (6.7)
Reα > 0, Re β1 > 0,
HC (α, β1, β2; γ ; x, y, z)
=
1
Γ (α) Γ (β1) Γ (β2)
∞∫
0
∞∫
0
∞∫
0
e−ξ−η−ζξα−1ηβ1−1ζβ2−10F1 (γ; xξη + yηζ + zξζ) dξdηdζ,
(6.8)
Reα > 0, Reβ1 > 0, Re β2 > 0,
where [15]
Ψ2 (α; γ1, γ2; x, y) =
∞∑
m,n=0
(α)m+n
(γ1)m (γ2)nm!n!
xmyn, (6.9)
and, as usual pFq denotes the generalized Hypergeometric function with p numerator
and q denominator parameters. For multiple hypergeometric of functions H
(n)
B , H
(n)
C the
integrated representations are determined in the monograph ([13], Ch. 9, Sec. 9.4, (198)-
(200)).
7. Conclusion.
From decomposions (4.1)-(4.15) as a private value can be found the known decompo-
sitions that have been found in [5], i.e. decompositions (4.1)-(4.15) generalize the results
of [5]. Further, the following decompositions for Hypergeometric Appell’s functions
F1 (α; β, β; γ; x, y) =
∞∑
i,j=0
(−1)i+j (α)2i+2j (β)i (β)i+j (γ)2i
(γ + i− 1)i (γ)
2
2i+j i!j!
xi+jyi+j
F4 (α + 2i+ 2j, β + i+ j; γ + 2i+ j, γ + 2i+ j; x, y) , (7.1)
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F2 (α; β1, β2; γ, γ; x, y) =
∞∑
i,j=0
(α)2i+j (β1)i+j (β2)i+j
(γ)i (γ)2i+2j i!j!
xi+jyi+j
F3 (α + 2i+ j, α + 2i+ j; β1 + i+ j, β2 + i+ j; γ + 2i+ 2j; x, y) , (7.2)
have not been found in work [5]. In particular, from decompositions (4.1), (4.2) we can
find the following identities
HA (α, β1, β2; γ1, β2; x, y, z) = (1− y)
−β1 (1− z)−α F
(
α, β1; γ1;
x
(1− y) (1− z)
)
, (7.3)
HB (α, β1, β2; γ1, β2, β2; x, y, z)
= (1− y)−β1 (1− z)−α F4
(
α, β1; β2, γ1;
yz
(1− y) (1− z)
,
x
(1− y) (1− z)
)
. (7.4)
It should be noted that the following superpositions of the operators
∇xy (α)∇xz (α)∆yz (α)∆yz (γ2) , ∇xz (α)∇xy (α)∆yz (α) ,
∇xz (α)∇xy (α)∆yz (α)∆yz (γ) ∆˜x (γ)
have not been applied for Hypergeometric functions.
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